We introduce the notion of twisted generalized complex submanifolds and describe an equivalent characterization in terms of Poisson-Dirac submanifolds. Our characterization recovers a result of Vaisman [13] . As a consequence, we show that the fixed locus of an involution preserving a twisted generalized complex structure is a twisted generalized complex submanifold. We also prove that a twisted generalized complex manifold has a natural Poisson structure.
Introduction
Throughout this paper M will denote a smooth manifold. Generalized complex manifolds were originally defined by Hitchin [7] and further studied by Gualtieri [6] . Both symplectic and complex manifolds arise as examples of generalized complex manifolds. In order to define generalized complex manifolds we need to recall a couple of well known structures on T M ⊕ T * M . The first is the Courant bracket. It was defined in [3] as
for all X, Y ∈ X(M ) and ξ, η ∈ Ω(M ). There also exist smoothly varying nondegenerate symmetric bilinear forms on each fibre of T M ⊕ T * M . These are defined as
for all X, Y ∈ T m M , ξ, η ∈ T * m M and m ∈ M . A generalized complex structure is a smooth map J : T M ⊕ T * M → T M ⊕ T * M such that J 2 = −Id, JJ * = Id and the +i-eigenbundle of J is involutive with respect to the Courant bracket.
In this paper we will consider twisted manifolds. A manifold M endowed with a closed 3-form Ω will be called twisted. In this situation another well known bracket can be defined: the twisted Courant bracket on X(M ) ⊕ Ω(M ). It was defined in [10] as
A twisted generalized complex structure is a smooth map J : T M ⊕ T * M → T M ⊕ T * M such that J 2 = −Id, JJ * = Id and the +i-eigenbundle of J is involutive with respect to (3), rather than (1) . The triple (M, Ω, J) will be called a twisted generalized complex manifold.
It is natural to ask when a smooth submanifold of a twisted generalized complex manifold is also a twisted generalized complex manifold? Or, put more simply, when does a submanifold allow a twisted generalized complex structure? In the untwisted case several notions of generalized complex submanifolds have been recently introduced. The notion defined here is similar to the one in [1] and [13] . A different notion of generalized complex submanifolds appears in [6] .
Definition 1.
A twisted immersion, from one twisted manifold (N, Υ) to another (M, Ω), is defined as a smooth immersion j : N → M with Υ = j * Ω. A twisted generalized complex immersion from (N, Υ, J ′ ) to (M, Ω, J) is a twisted immersion j : (N, Υ) → (M, Ω) such that the pullback of the +i-eigenbundle of J is the +i-eigenbundle of J ′ . In this case, N is called a twisted generalized complex submanifold of M .
It is well known that by splitting vectors and covectors, a twisted generalized complex structure can be written as
Here φ is an endomorphism of T M , π ♯ : T * M → T M is the bundle map induced by a bivector field π, and σ ♭ : T M → T * M is the bundle map induced by a 2-form σ. See [4] and [11] for more on the relations between φ, π and σ in the untwisted case.
Our aim is to characterize when a twisted submanifold of a twisted generalized complex manifold is also a twisted generalized complex manifold. The conditions on J will be found in terms of (4). This paper was inspired by the reduction of generalized complex structures described in [12] . The characterization we obtain is the same as that of Vaisman [13] . This paper is organized as follows. In Section 2, we recall some of the basic facts of Dirac structures. In particular we describe the pull back and how it affects the Courant bracket. In Section 3, we prove that a twisted generalized complex manifold carries a natural Poisson structure. We also prove that, in the untwisted case, this bivector field is the same one that was found by Crainic [4] . In Section 4, we define the induced generalized complex structure, and characterize when it has the required properties. In Section 5, we state and prove the main theorem of this paper. Some examples and the corollary on twisted generalized complex involutions are also discussed in this section.
Dirac structures
In this section we recall basic facts about Dirac structures and their push forwards and pull backs. Before considering the subbundle case, we will consider Dirac structures of a vector space V . In this case a Dirac structure is nothing more than a maximally isotropic subspace of V ⊕ V * . Throughout this section, q 1 will denote the projection of V ⊕ V * onto V and q 2 the projection onto V * .
If L is a Dirac structure then there exists a natural skew-symmetric bilinear form Λ on L defined by
It is easy to see that
Hence, there exists a 2-form ω on q 1 (L) defined by
and a 2-form π on q 2 (L) defined by
Thus knowing the Dirac structure L is exactly the same as knowing the subspace q 1 (L) and the 2-form ω. Similarly, L is equivalent to the pair (q 2 (L), π). Therefore, we have the converse: any subspace R ⊆ V endowed with a 2-form ω on R defines a Dirac structure L(R, ω) by
and any subspace S ⊆ V * endowed with a 2-form π on S defines a Dirac structure L(S, π) by
For details of the above construction see [3] . Let W be another vector space and ϕ : V → W a linear map. The map ϕ can be used to both pull Dirac structures back from W to V , and push Dirac structures forward from V to W . Let (R, ω) be a Dirac structure on W , with R ⊆ W and ω defined on R. A new Dirac structure on V can be defined by (ϕ −1 R, ϕ * ω). This Dirac structure is called the pull back of (R, ω) under ϕ. Similarly if (S, π) is a Dirac structure on V , with S ⊆ V * and π defined on S, then a Dirac structure on W can be defined by ((ϕ * ) −1 S, ϕ * π). This Dirac structure is called the push forward of (S, π) under ϕ. These two maps of Dirac structures are denoted by F ϕ and B ϕ . It is very easy to see that for a Dirac structure
and for a Dirac structure
Dirac structures can also be defined for a twisted manifold (M, Ω). A Dirac structure is a smooth subbundle L ⊆ T M ⊕ T * M for which each fibre is a Dirac structure of the corresponding fiber of T M ⊕ T * M , and whose space of sections is closed under the twisted Courant bracket (3).
The restriction of the twisted Courant bracket to a Dirac structure is a Lie bracket; this Dirac structure is then a Lie algebroid. The isotropy property of the Dirac structure is what causes the bracket to now satisfy the Jacobi identity.
The definitions of push forward and pull back can be reformulated for Dirac structures on manifolds. We will only consider the pull back of a Dirac structure, but more on the push forward can be found in [2] and [12] . We note that the pull back of a Dirac structure is automatically maximally isotropic, but it need not be smooth or involutive.
We finish this section with another notion and a lemma that will be used to show when the pullback bundle is involutive. Let (M, Ω) and (N, Υ) be two twisted manifolds with an immersion ϕ :
The following lemma is an easy extension of Lemma 2.2 from [12] . This lemma is also true for complex sections, which is when it will be applied.
Lemma 2. Assume that
The second last term becomes
Finally, because ϕ is a twisted immersion the following holds.
Associated Poisson bivector field
It is known that a generalized complex structure gives rise to a Poisson structure [4] . In this section we will give a more conceptual proof of this fact for a twisted generalized complex manifold.
A complex Courant algebroid is a complex vector bundle E − → M with a skew-symmetric bracket on its sections, smoothly varying nondegenerate symmetric bilinear forms on each of its fibres, and a map ρ : E → T C M called the anchor. These structures are required to obey several conditions; see [8] for details. The bundle T C M ⊕ T * C M with the twisted Courant bracket (3), the pairing (2), and the projection onto T C M is a complex Courant algebroid.
The ±i-eigenbundles, E ± , of a twisted generalized complex structure are Dirac structures. These two eigenbundles have zero intersection, and E + = E − . In fact a twisted generalized complex structure can be defined as a Dirac structure such that E + ∩ E + = {0}. The extra condition results in a splitting:
, and a natural Lie bialgebroid structure [8] . Denote the anchor maps of E + and E − by ρ + : E + → T C M and ρ − : E − → T C M respectively. The map Ξ : E − → E * + : v → v, · is a vector bundle isomorphism. We are now in a situation to prove that π from (4) is Poisson. Proof. According to [9] the composition
The induced generalized complex structure
Consider two twisted manifolds (M, Ω) and (N, Υ) with an immersion j : N → M . Also, assume that there is a generalized complex structure J on M with eigenbundles E + and E − . We would like to define a generalized complex structure on N by pulling back both eigenbundles to T C N ⊕T * C N . These pullbacks are given by
and they will be called the induced bundles. We would like them to be the eigenbundles of a generalized complex structure J ′ on N . Both induced bundles are automatically maximally isotropic, but they are not in general smooth or involutive. Also, the two induced bundles may have nontrivial intersection. This section is dedicated to characterizing when the induced bundles are smooth, involutive and have trivial intersection.
We start with the requirement that the induced bundles have trivial intersection, or equivalently that
Since both bundles are maximally isotropic it suffices to check that they span
The latter is equivalent to JB ⊆ B + JB ⊥ , which is also equivalent to
The preceding can be summarized in the following proposition.
Proposition 4. The following assertions are equivalent. (1) The subbundle E ′ + is the +i-eigenbundle of a -not necessarily smooth -automorphism
In the sequel we will assume that the assertions of Proposition 4 are satisfied. Consider the restriction of J and s to the J-invariant subspace B ∩ JB; the latter map will be denoted by s ′ . The kernel of s ′ is B ⊥ ∩ JB. Under J, this kernel is mapped to JB ⊥ ∩ B. This must be in JB ∩ B and also, by Proposition 4, in B ⊥ , however B ⊥ ⊆ B. So the image of the kernel of s ′ is in B ⊥ ∩ JB ∩ B = B ⊥ ∩ JB. Thus the kernel of s ′ is J-invariant and J| B∩JB induces an automorphism of T N ⊕ T * N :
The induced automorphism is nothing but J ′ from Proposition 4. Indeed, the complexification of the above commutative diagram gives
We will now relate condition (4) of Proposition 4 to the splitting of J:
We have
if, and only if,
Thus we have proven the following lemma.
Lemma 5.
The following assertions are equivalent.
According to this lemma, the sum T N + π ♯ (T N o ) must be direct. In the sequel pr will denote the projec-
nor the map pr are necessarily smooth Now, take any ξ ∈ T * N . We claim that if η, η
Both η and η ′ are preimages of ξ; thus they differ by some element of T N o . As B ∩ JB is J-stable both π ♯ η and
, and the difference of the two preimages is zero. Thus the assignment ξ → π ♯ η defines a vector bundle map from T * N to T N . We will denote its associated bivector field on N by π ′ .
Before characterizing when J ′ is smooth, we will need four technical lemmas.
Proof. For any X ∈ T N the second assertion of Lemma 5 gives φX = Y + π ♯ η, where Y ∈ T N and η ∈ T N o . By definition Y = (pr •φ)X, and φX
and
where ζ is some element of T N o such that X + ζ ∈ B ∩ JB.
If ξ ∈ T * N , then
where η is some element of
Proof. Consider X ∈ T N . Since s is surjective there exists some ζ ∈ T N o such that X + ζ ∈ B ∩ JB and
Therefore φX + π ♯ ζ ∈ T N and, by Lemma 6, φX + π ♯ ζ = (pr •φ)X. Both (6) and (7) follow from (5).
Now take ξ ∈ T * N . Again, since s is surjective there exists some η ∈ T * M such that η ∈ B ∩ JB and
Both (8) and (9) follow from (5).
In the sequel, if E is a smooth vector bundle then Γ(E) will denote the space of all -not necessarily smooth -sections of E, and Γ ∞ (E) the subspace of smooth sections.
Proof. As noted previously, if
. This function and its restriction to T N are smooth because π ♯ ξ is.
Lemma 9. Assume pr •φ is a smooth map and η
is a smooth function, and the lemma follows.
We are now in a position to give the conditions J ′ must satisfy in order to be smooth. Proof. First assume that J ′ is smooth.
, and (8) shows that π ′♯ is smooth. Now for the other implication. For every X ∈ Γ ∞ (T * N ) there is some ζ ∈ Γ(T N o ) such that (6) and (7) are satisfied. As J is smooth both σ ♭ and φ are smooth. The smoothness of pr •φ and (6) show that
, and the right hand sides of (6) and (7) are smooth. Finally (9) holds, and j * η = ξ. The smoothness of π ′ and (8) show that π ♯ η ∈ Γ ∞ (T N ). Now Lemma 9 gives (j * φ * )η ∈ Γ ∞ (T * N ), and the right hand sides of (8) and (9) are smooth. Finally,
We finish this section by using Lemma 2 to show when J ′ is integrable.
Proposition 11. If J ′ is smooth then it is integrable.
Proof. First, observe that the vector bundles E ± ∩ B C = (I ∓ iJ)B C are smooth. Since J ′ is smooth its eigenbundles E ′ ± are also smooth. It is not hard to check that any smooth section of E ′ + is j-related to a smooth section of E + ∩ B C .
Hence for any σ
, and it follows from Lemma 2 that
, and E ′ + is involutive with respect to the Υ-twisted bracket.
Main theorem
Now, we recall a definition from [5] . This definition will be used to characterize when a twisted submanifold is also generalized complex.
, and the induced Poisson tensor π ′ on N is smooth.
We are now ready to state and prove the main theorem, which in the untwisted case was also obtained by Vaisman [13] . 
Proof. The first statement is merely Theorem 3, and the second is the construction and confirmation of the properties of J ′ . Proposition 4 combined with Lemma 5 shows that J ′2 = −Id and J ′ * J ′ = Id. The smoothness of J ′ is Proposition 10, and the integrability of its +i-eigenbundle is Proposition 11.
As was stated before, complex and symplectic manifolds are special cases of generalized complex structures. The next two examples show that generalized complex submanifolds are equivalent to the usual ideas of submanifolds in these special cases. For these two examples we will consider the untwisted case, i.e. Ω = 0. Example 14. Let (M, a) be a complex manifold and N a smooth submanifold of M . There is a generalized complex structure on M given by φ = a, σ = 0 and π = 0. Because the Poisson structure is zero, N is automatically a Poisson-Dirac submanifold. Condition (b) of Theorem 13 becomes a(T N ) ⊆ T N , which is exactly the requirement for N to be an immersed complex submanifold of M . Now pr •a = a| T N , which is a smooth map. Thus N is a generalized complex submanifold iff it is an immersed complex submanifold. Example 15. Let (M, ω) be a symplectic manifold and N a smooth submanifold of M . The generalized complex structure on M arising from ω is φ = 0, σ = ω ♭ and π = −ω −1 ♭ . Because φ = 0, conditions (b) and (c) of Theorem 13 are automatically satisfied. Now N will be a Poisson-Dirac submanifold of M iff N is a symplectic submanifold of M . Thus N is a generalized complex submanifold of M iff it is a symplectic submanifold.
We finish with an application of this result to the stable locus of a twisted generalized complex involution. The result is similar to the one for Poisson involutions [14] . Let (M, Ω, J) be a twisted generalized complex manifold. A twisted generalized complex involution is a diffeomorphism Ψ : M → M such that Ψ 2 = Id and Ψ * * • J = J • Ψ * * .
Here Ψ * * is the map from T M ⊕ T * M to T M ⊕ T * M defined by Ψ * * (X + ξ) = Ψ * X + Ψ * ξ. Proof. Let ξ be an arbitrary element of T * M . Equation (10) implies that (Ψ * π ♯ Ψ * )ξ = π ♯ ξ. Hence Ψ * π = π, and Ψ * is a Poisson involution. Because Ψ * is a Poisson involution, Proposition 4.1 of [14] implies that N is a Dirac submanifold. Thus N is a Poisson-Dirac submanifold, and condition (a) of Theorem 13 is satisified.
Take X ∈ T N . Equation (10) implies that Ψ * (φX) + Ψ * (σ ♭ X) = φX + σ ♭ X. The vector field component of this equality shows that φ(T N ) ⊆ T N , and condition (b) of Theorem 13 is satisfied. Thus pr •φ = φ| T N , which is a smooth map. Hence condition (c) of Theorem 13 is satisfied.
